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Introduction 



The general theory of lightlike submanifolds has been developed in 1 by K. 
Duggal and A. Bejancu. The geometry of Cauchy-Riemann (CR) lightlikc 
submanifolds of indefinite Kaehler manifolds was presented in 1 , too. Many 
new types of lightlike submanifolds of indefinite Kaehler manifolds, indef- 
inite Sasakian and indefinite quaternion Kaehler manifolds are introduced 
in 2 by K. Duggal and B. Sahin. In 1 and 2 , different applications of lightlikc 
geometry in the mathematical physics are given. However, lightlike sub- 
manifolds of almost complex manifolds with Norden metric (or B-metric) 
have not been considered yet. The study of such submanifolds is interesting 
because there exists a difference between the geometry of a 2n-dimensional 
indefinite almost Hcrmitian manifold and the geometry of a 2n-dimensional 
almost complex manifold with Norden metric. The difference arises due to 
the fact that in the first case, the almost complex structure J is an isometry 
with respect to the semi-Riemannian metric g of index 2q(0 < 2q < 2n) 
and in the second case, J is an anti-isometry with respect to the metric 
<7, which is necessarily of signature (n, n). This property of the pair (J, ~g) 
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of an almost complex manifold with Nordcn metric M allows to define the 
tensor field g on M by g(X, Y) = g(JX 7 Y), which is a Norden metric, too. 

Let M be a real m-dimensional submanifold of an almost complex man- 
ifold witn Norden metric (M, J,g,g). The geometry of M depends on the 
behaviour of the tangent bundle of M with respect to the action of the 
almost complex structure J and the induced metric on M. Due to that 
there exist two Norden metrics g and g of M we can consider two induced 
metrics g and g on M by ~g and g, respectively. For a submanifold M of M 
three cases with respect to the induced metrics g and g on M are possible: 
M is non-degenerate with respect to both g and g; M is degenerate with 
respect to both g and g; M is non-degenerate with respect to g (resp. g) 
and degenerate with respect to g (resp. g). 

In this paper we consider mainly submanifolds of the third type. In 
Sections 1 and 2 we recall some preliminaries about lightlike submanifolds 
of semi-Ricmannian manifolds and almost complex manifolds with Norden 
metric, respectively. The main results of the paper are given in Section 

3. We prove that a necessary and sufficient condition for the submanifold 
(M, g) of M to be a CR-submanifold is (M, g) to be a Radical transversal 
lightlike submanifold of M. We obtain also that the submanifold (M, g) of 
M is generic, totally real or Lagrangian if and only if (M, g) is a coisotropic, 
an isotropic or a totally lightlike submanifold of M, respectively. In Section 

4, in the case of totally real (M,g) and isotropic (M,g), relations between 
the induced geometric objects are found. The structure equations of these 
submanifolds of a Kaehler manifold with Norden metric are obtained. In 
the last section we consider known matrix Lie subgroups of GL(2; C) as 
examples of the submanifolds introduced in Section 3. 

1. Lightlike submanifolds of semi-Riemannian manifolds 

Follow 1 we give some basic notions and formulas for lightlikc submanifolds 
of semi-Ricmannian manifolds. 

Let (M, g) be a real (m + n)-dimensional semi-Riemannian manifold 
(m > 1, n > 1), i.e. g is a semi-Riemannian metric of constant index 
q € {1, . . . ,m + n — 1} and M be a submanifold of M of codimension n. 
Denote by g the induced tensor field on M of ~g and suppose that rankg = 
const on M. If rankg = m, i.e. g is non-degenerate on the tangent bundle 
TM of M, then M is called a non- degenerate submanifold of M. In the 
case rankg < m, i.e. g is degenerate on TM, then M is called a lightlike 
submanifold of M . We will note an orthogonal direct sum by _L and a non- 
orthogonal direct sum by ©. The tangent space T X M and the normal space 
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T X M^ of a non-degenerate submanifold M of M are non-degenerate and 
they are complementary orthogonal vector subspaccs of T X M. However, if 
M is a lightlike submanifold of M, both T X M and T^M 1 - are degenerate 
orthogonal, but non-complementary subspaces of T X M and there exists a 
subspace RadT^M = T X M n T X M L = Radl^M- 1 , where 

RadT x M = £ T X M : <?(£,, X) =0,Vl€ T X M}. 

The dimension of RadT x M depends on x e M. The submanifold M of M 
is said to be an r -lightlike (an r -degenerate, an r-nult) submanifold if the 
mapping 

RadTM : x £ M — > R&dT x M, 

defines a smooth distribution on M of rank r > (it means 
dim(RadT :E M) = r for all x £ M). RadTM is called the Radical (light- 
like, null) distribution on M. 

Let S(TM) be a complementary distribution of RadTM in TM and 
S(TM^) be a complementary vector bundle of RadTM in TM^. Both 
S(TM) and 5(TM X ) are non-degenerate with respect to g and the following 
decompositions are valid 

TM = RadTM_LS'(TM), TM 1 - = RadTM_L5(TM ± ). (1) 

The distribution S(TM) and the vector bundle SlTM- 1 ) are called a screen 
distribution and a screen transversal vector bundle of M, respectively. Al- 
though S(TM) is not unique, it is canonically isomorphic to the factor vec- 
tor bundle TM/RadTM. As S(TM) is a non-degenerate vector subbundle 
of TM we have 

TM = S(TM)±S(TM) ± , 

where S(TM) is the complementary orthogonal vector bundle of S(TM) 
in TM. As S(TM^) is a vector subbundle of S(TM) 1 and since both are 
non-degenerate we have the following orthogonal direct decomposition 

S(TM) 1 = S'(TM ± )_L5(TM- L ) ± . 

Let tr(TM) and ltr(TM) be complementary (but never orthogonal) vector 
bundles to TM in TM and to RadTM in S(TM^, respectively Then 
we have 



tr(TM) = ltr(TAf)_L5'(TM- L ); 

TM = TM © tr(TM) = S'(TM)_LS'(TM i )_L(RadTM © ltr(TM)). 
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The vector bundle ltr(TM) is called a lightlike transversal vector bundle of 
M and tr(TM) is called a transversal vector bundle of M. There exists a 
local quasi-orthonormal basis 1 of M along M: 

N h X a , W a }, i6{l,...,r}, o e {r + 1, . . . , m}, a e {r + 1, . . . , n}, 

where {^} and {Ni} are lightlike basises of RadTM^ and ltr(TM)| [/ , re- 
spectively; {X a } and {Wa} are basises of S{TM)\ V and S^M 1 )^. 

The following possible four cases with respect to the dimension m and 
codimension n of M and rank r of RadTM are studied: 

(1) r-lightlike, if < r < min(m,n); 

(2) coisotropic, if 1 < r = n < m, S{TM^) = {0}; 

(3) isotropic, if 1< r = m < n, S(TM) = {0}; 

(4) totally lightlike, if 1< r = m = n, S(TM) = {0} = S(TM X ). 

2. Almost complex manifolds with Norden metric 

Let (M, J, g) be a 2n-dimensional almost complex manifold with Norden 
metric 3 , i.e. J is an almost complex structure and g is a metric on M such 
that: 

1 2 X = -X, g(JX,JY) = -g{X,Y) (3) 

for arbitrary diffcrcntiable vector fields X, Y on M. 
The tensor field g of type (0, 2) on M defined by 

7j{X,Y)=g(JX,Y) (4) 

is a Norden metric on M, too. Both metrics g and g are necessarily of 
signature (n, n). The metric gr is said to be an associated metric of M. The 
Levi-Civita connection of g is denoted by V. The tensor field F of type (0, 3) 
on M is defined by F(X, Y, Z) = g((V x J)Y, Z). Let V be the Levi-Civita 
connection of g. Then 

$(X,Y)=V x Y-VxY (5) 

is a tensor field of type (1,2) on M. Since V and V are torsion free we have 
§>(X,Y) = §>(Y,X). A classification of the almost complex manifolds with 
Norden metric with respect to the tensor F is given in 3 and eight classes 
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are obtained. In 4 these classes are characterized by conditions for the tensor 
$, too. 

Analogously, as for an almost Hcrmitian manifold, for an almost com- 
plex manifold with Norden metric (M, J, g, g) the following important 
classes of non-degenerate submanifolds of M with respect to the induced 
metric g (resp. g) on the submanifold can be considered: 

(a) M is called a holomorphic (or an invariant) submanifold of M if 
J(T X M) = T X M, \/x € M. The dimension m of an invariant submani- 
fold M of M is necessarily even; 

(b) M is called a totally real (or an anti- invariant) submanifold of M if 
J(T X M) C T X M ± , Vx e M. In this case dimM = m < n; 

(c) A totally real submanifold M is called Lagrangian if dimM = m = n; 

(d) M is called a CR- submanifold of M if M is endowed with two comple- 
mentary orthogonal distributions D and D 1 - satisfying the conditions: 
J(D X ) = D x and J(D^) C T X M^, Vx e M; 

(e) The CR-submanifold M of M is called a generic submanifold if 
dimD 1 - = codimM = 2n — m. 

The CR-submanifold M of M is called non-trivial (proper) if dimD > 
and dimZ) > 0. The holomorphic and the totally real submanifolds are 
particular cases of the class of CR-submanifolds. Holomorphic submanifolds 
of almost complex manifolds with Norden metric were studied by K. Grib- 
achev. In 5 , 6 and 7 hypersurfaces of Kaehler manifolds with Norden metric 
were considered. 

3. Submanifolds of an almost complex manifold with 

Norden metric which are non-degenerate with respect to 
the one Norden metric and lightlike with respect to the 
other Norden metric 

Let (M, J,~g,g) be a 2n-dimensional almost complex manifold with Norden 
metric and M be an m-dimcnsional submanifold immersed by ip in M. 
For simplicity we identify for each x <G M the tangent space T X M with 
ip * (T X M) C T v f x \M. Let g and g be two metrics of M. We assume that 
the immersion ip is an isometry with respect to both metrics g and g on M 
and we identify the metrics g and g on M with the induced metrics on the 
subspace ip * (T X M) of g and g, respectively. Hence, for any x € M we have 



g{X x ,Y x )=g(X x ,Y x ), g(X x ,Y x ) =g(X x ,Y x ), VX x ,Y x eT x M. 
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We note that TM = \J T X M is the tangent bundle of both submanifolds 

(M,g) and (M, g) of M. We will denote: the normal bundle of (M,g) and 
(M,g) by TM 1 - and TM- 1 , respectively; an orthogonal direct sum with 
respect to g (resp. g) by _L (resp. _L) and a non-orthogonal direct sum by 
8 (resp. e). 

In this section we give an answer to the question what type is the sub- 
manifold (M, g) of M if (M, g) belongs to one of the basic classes of non- 
degenerate submanifolds. 

Lemma 3.1. Let (V,J,g,g) be a 2n- dimensional almost complex vector 
space with Norden metric and W be a 2p- dimensional holomorphic subspace 
of V. Then for the induced metrics g and g on W ofg and g respectively, 
we have 

1) g is non-degenerate iffg is non-degenerate; 

2) g is degenerate iffg is degenerate. 

Proof. 1) Let g be non-degenerate. We assume that g is degenerate. Then 
there exists £ e W, £ ^ such that g(£,X) = 0,VIe W. As W is a 
holomorphic subspace of V and Ker J = {0} it follows that there exists 
J£ e W, J£ # such that for VX e W we have g(J£,X) = g(J£,X) = 
g(£,X) = g(£,X) = 0. So, we obtain that g is degenerate, which is a 
contradiction. Analogously, we can check that if g is non-degenerate, then 
g is non-degenerate, too. The truth of 2) follows from 1). □ 

Theorem 3.1. Let (M, J,g,g) be a In- dimensional almost complex man- 
ifold with Norden metric and M be a 2p- dimensional submanifold of M. 
The submanifold (M, g) is holomorphic iff the submanifold (M, g) is holo- 
morphic. 

Proof. The proof of the theorem follows from assertion 1) of Lemma 3.1 
by replacing the space V and the subspace W by the tangent bundle TM 
of M and the tangent bundle TM of the submanifolds (M, g) and (M, g) , 
respectively. □ 

Radical transversal lightlike submanifolds of indefinite Kaehler manifolds 
are introduced in 8 by Sahin. Further, we show that such submanifolds nat- 
urally arise on an almost complex manifold with Norden metric M and they 
are related with CR-submanifolds of M. First, analogously as in 8 we give 
the following 
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Definition 3.1. Let (M, g, S(TM), S(TM 1 )) be a lightlike submanifold 
of an almost complex manifold with Norden metric (M, J,g,g). We say 
that M is a Radical transversal lightlike submanifold of M if the following 
conditions are satisfied: 

J(RadTM) — ltr(TM), (6) 

J{S(TM)) = S{TM). (7) 

Moreover, we say that a Radical transversal lightlike submanifold M is 
proper if S{TM) ^ 0. 

It is important to note: 

(1) Taking into account that for an isotropic and a totally lightlike sub- 
manifold S(TM) — and Definition 3.1, it is clear that there exists no 
proper Radical transversal isotropic and totally lightlike submanifold 
of M. 

(2) Contrary to the case when M is a Radical transversal lightlike sub- 
manifold of an indefinite Kaehler manifold 8 , for an almost com- 
plex manifold with Norden metric (M, J ,~g,g), M can be an 1-lightlike 
Radical transversal lightlike submanifold of M. Indeed, let us suppose 
that [M, g) is an 1-lightlike Radical transversal lightlikc submanifold 
of (M,J,g,g). Then there exist basises {£} and {N} of RadTM and 
ltr(TM) respectively, such that g(£,N) = 1. On the other hand, (6) 
implies that J£ = aN <= r(ltr(TM)), a € F(ltr(TM)). Thus, for the 
function a we obtain a — g(£, J£), which is not zero. 

Proposition 3.1. Let (M,g) be a Radical transversal lightlike submanifold 
of an almost complex manifold with Norden metric (M, J,g,g). Then the 
distribution S(TM ± ) is holomorphic with respect to J. 

Proof. As the tangent bundle TM and the transversal vector bundle 
tr(TM) of (M,g) are complementary (but not orthogonal with respect to 
g) vector subbundles of TM, for any X e T(TM) and any V G T(tr(TM)), 
we have 

JX = TX + FX: JV = tV + fV, (8) 

where TX, tV belong to T(TM) and FX, fV belong to r(tr(TM)). Then 
T and / are endomorphisms on TM and tr(TM), respectively; F and t are 
transversal bundle- valued 1-form on TM and tangent bundle- valued 1-form 
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on tr(TM), respectively. According to the decompositions (1), (2), we can 
write any X £ T(TM) and any V <G r(tr(TM)) in the following manner 

X = PX + QX; V = LV + SV, (9) 

where P and Q are the projection morphisms of TM on S(TM) and 
RadTM, respectively; L and S are the projection morphisms of tr(TM) 
on ltr(TM) and S{TM^), repectively. So, for any W G TS{TM^) we have 

JW = tW+ fW = PtW + QtW + LfW + SfW. (10) 

Now, if X e rS(TM), £ G T(RadTM), TV e T(ltr(TM)), using (2), (6), 
(7), (10) and J(ltr(TM)) = RadTM, we compute 

= g(W, JX) = g(JW, X) = g(PtW, X), 

= g(W,lO=g(JW,0=g(LfW,0, (11) 

= g(W, JN) = g{JW 7 N) = g{QtW 7 N). 

Since g is non-degenerate on S{TM) and RadTM ® ltr(TM), from (11) it 
follows that PtW = LfW = QtW = 0. Then (10) becomes JW = SfW, 
which means that S(TM^-) is holomorphic. □ 

Theorem 3.2. Let (M, J,g,g) be a In- dimensional almost complex man- 
ifold with Norden metric and M be an m- dimensional submanifold of M . 
The submanifold (M, g) is a CR- submanifold with an r-dimensional totally 
real distribution iff (M, g) is an r -lightlike Radical transversal lightlike 
submanifold. 

Proof. As far as we know, CR-submanifolds of almost complex manifolds 
with Norden metric are not studied. Therefore, first we give some prelimi- 
naries about them. 

Let (M, g) be a CR-submanifold of M and assume that it is not generic. 
Hence, (M, g) is endowed with two complementary orthogonal with re- 
spect to g distributions T>(dimTJ = 2p) and D ± (dimD ± = r : 1 < r < 
min(m, 2n — m)) such that JD = D, JD 1 - C TM- 1 . Following 9 , for any 
X e r(TM) we have 

JX = TX + FX, (12) 

where TX is the tangential part of JX and FX is the normal part of JX. 
Then T is an endomorphism on the tangent bundle TM and F is a normal 
bundle-valued 1-form on TM. Similarly, for any V G T(TM L ) we have 



JV = tV + fV, 



(13) 
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where tV is the tangential part of JV and fV is the normal part of JV. 
Then / is an endomorphism on the normal bundle TM 1 - and t is a tangent 
bundle- valued 1-form on TM ± . If we denote by P and Q the projection 
morphisms of TM on D and respectively, for any X e T(TM) we can 
write 

X = PX + QX, (14) 

where PX e r(£>) and QX e T( J D ± ). Using (12) and (13), for Y e T(TM) 
and {/ e r(TM i ) we compute #(JX,F) = g{TX,Y) and g(JV,U) = 
g(fV, U). Since the almost complex structure J is an anti-isometry with re- 
spect to the Norden metrics g and g, we obtain that T and / are self-adjoint 
operators on TM and TM 1 - with respect to both metrics. We note that T 
and / are skew self-adjoint 9 when M is an almost Hcrmitian manifold. We 
also find g(FX,V) = g(X,tV). Moreover, applying J to the equality (14) 
we obtain 

JX = JPX + JQX, (15) 

where JPX e T(D) and JQX e T(JD- L ). From (12) and (15) it follows 
that T = JP and F = JQ. Due to the fact that D 1 - is non-degenerate with 
respect to g, there exists an orthonormal basis {£i, . . . , £ r } of D , i.e. 

g{ti,&) = £», e» = ±i; g(ti,€j) = o, i j; hj = 1,2, ...,r. (16) 

Since KerJ = {0}, { J^i, . . . , J^ r } is a basis of JZ)- 1 -. Moreover, it is an 
orthonormal basis such that 

g(J€i,J&) = -ei; g(J&,J£j) = o,i¥ : j; i,j = 1,2, ...,r. (17) 

Consequently, JD -1 - is an r-dimensional non-degenerate subbundle of TM 1 - 
with respect to 5 and we put 

TM 1 = JD i l(JD 1 ) 1 , (18) 

where (JZ)- 1 -)^ is the complementary orthogonal vector subbundle of JD^ 
in TM- 1 . We denote by Pi and P2 the projection morphisms of TM 1 - on 
JD- 1 and (JZ)- 1 )- 1 , respectively. Then for any V G T(TM ± ) we put 

V = PiV + P 2 V, (19) 

where P Y V e r(JD ± ) and P 2 U G r((JD ± ) ± ). Now, we will show that 
the subbundle (JD 1 -) 1 - is holomorphic with respect to J. Take W G 
r((JD- L )- L ), X e r(TM) and according to (15) we compute g(JW,X) = 
g(W,JX) = 0, which means that JW e r(TM ± ). On the other hand, 
for each N e T(JL>- L ) we have JN e r(L»- L ), which implies g(JW, N) = 
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g(W,JN) = 0, i.e. JW G r((JZ?- L )- L ). We continue by proving that the 
normal bundle TM 1 of the submanifold (M, g) coincides with the subbun- 
dle D ± ±(JD ± ) 1 of TM. First, let us suppose that F G r(Z) ± _L(JZ) ± )- L ). 
Then for VX G T(TM) using (15) we have g(X,Y) = g(JX,Y) = 0. Hence, 
F G r(TM- L ), i.e. the following relation holds 

i^i.tJ.D- 1 )- 1 C TM 1 . (20) 

Now, let F G T(TM I ). Then F G T(TM) and <?(X,F) = for 
VX G r(TM). The last is equivalent to g(X,JY) = which shows that 
JY G r(TM x ). Since (JD- 1 ) 1 - is holomorphic with respect to J, apply- 
ing J to (18) we obtain J(TAf ± ) = D ± ±(JD- L )- L . So, we conclude that 
F G r(D- L _L(JD- L ) ± ) and wc have 

TM 1 C D- L J.(J/D- L )- L . (21) 

From (20) and (21) it follows that TM 1 - = iD- L J.(JD- L )- L . Further, for X G 
r(D), f G r(L> ± ) and VF G r((JL> i ) ± ), we get = g(J£,X) = 0, 

W) = ~g(J£,, W) = 0. The last two equalities show that D 1 - is orthogonal 
to D and (JD 1 ) 1 with respect to g. Then the following decompositions are 
valid 

TM = D±D ± , (22) 

TM 1 = D 1 1(JD- L )- L . (23) 

From (22) and (23) it is clear that the smooth distribution D on (M,g) 
of rank r > is an intersection of the tangent bundle TM and the normal 
bundle TM 1 of (M,g). Hence, (M,g) is an r-lightlike submanifold of M 
with Radical distribution RadTM which coincides with D 1 . According 
to (22) and (23), the distribution D and the vector bundle (JD 1 -) 1 - are a 
screen distribution S(TM) and a screen transversal vector bundle S(TM^-) 
of (M,g), respectively. The basis {£i, . . . , £ r } of D^- satisfying (16) is a basis 
of RadTM and consequently with respect to g we have g(£i,£j) = for any 
i,j = 1, . . . , r. We put Ni — — e,J£i, z = 1, . . . , r. Then {TVi, . . . ,iV r } is a 
basis of JD 1 such that 

g(N i ,N J ) = -e i e j g(JZ i ,S j ) = 0, i,j = l,...,r, (24) 

?(JVi,&) = eig(£i,Zi) = 1; = = 0; i, j = 1,. . . ,r. (25) 

From (24) it follows that JZ? X is a lightlike vector bundle with respect to 
g. The equalities (25) show that JD 1 - is not orthogonal to RadTM with 



January 18, 2012 1:36 



WSPC - Proceedings Trim Size: 9in x 6in GN 



11 

respect to g. It is easy also to check that JD 1 - is orthogonal to S(TM) 
and SiTM 1 ) with respect to g. So, the tangent bundle TM of M has the 
following decomposition 

TM = 5(TM)l5(TM- L )l(RadTMeJ-D" L ). (26) 

The equality (26) implies that S{TM^)'l{Ra,ATM®JD ± ) is the comple- 
mentary orthogonal vector bundle SiTM) 1 - to SiTM) in TM with respect 
to g. Moreover, RadTM® J is the complementary orthogonal vector 
bundle to S(TM^) in SiTM) 1 - with respect to g, i.e. 

SiTM 1 ) 1 = RadTM® JD^. (27) 

Finally, taking into account (27) we conclude that the vector bundle JD 1 - 
is the complementary (but not orthogonal with respect to g) vector bundle 
to RadTM in SiTM 1 ) 1 , i.e. JD 1 - is a lightlike transversal vector bundle 
of (M,g) with respect to the pair (S(TM) = D, SiTM 1 ) = (JD 1 -) 1 -). 
Hence, (M, g) is an r-lightlike Radical transversal lightlike submanifold. 

Conversely, let (M, g) be an r-lightlike Radical transversal lightlikc sub- 
manifold of M. Take X e T(S(TM)), £ e r (RadTM), TV € T(ltr(TM)), 
IT e r(5(TM i )) and using (2), (6), (7) and Proposition 3.1, we get 

g(X, = -lilX, = 0, g(X, N) - -g\j_X, N) - 0, 
g(t,N) =-l(Jt,N) =0, ff(W,X) = -£(JW,X) = ) (28) 
= -g(JW, = 0, iV) = -sf( JW, N) = 0. 

The equalities (28) show that the vector bundles SiTM), RadTM, ltr(TM) 
and SiTM^) are mutually orthogonal with respect to g. This fact and (2) 
imply the following decompositions 

TM — SiTM)±R&dTM, tr(TM) = ltr(TM)T5(TM I ), , . 
TM = TMTtr(TM). 1 j 

From the last equality of (29) it follows that the normal bundle TM 1 - of the 
submanifold (M, g) coincides with the transversal vector bundle tr(TM) of 
iM,g). Hence, both TM and TM 1 - are non-degenerate with respect to g. 
The distribution SiTM) is holomorphic and non-degenerate with respect 
to g. According to Lemma 3.1, SiTM) is non-degenerate with respect to g, 
too. If we assume that the distribution RadTM is degenerate with respect 
to g, then the first equality of (29) implies that TM is degenerate, which is 
a contradiction. Consequently, (M, g) is endowed with two complementary 
orthogonal with respect to g distributions D = RadTM and D — SiTM) 
satisfying (6) and (7), respectively. Since TM 1 - = tr(TM) and by using (29) 
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we have TM 1 - = JTM_LS'(TM I ). Hence, the distribution D 1 - is totally 
real and moreover Si^TM 1 -) is the complementary orthogonal with respect 
to g vector bundle of JTM in TM 1 -. So, we establish that (M,g) is a 
CR-submanifold of M. □ 

Taking into account the definition of a generic submanifold and a coisotropic 
one, as an immediate consequence from Theorem 3.2, we obtain 

Corollary 3.1. Let (M, J,g,g) be a 2n- dimensional almost complex man- 
ifold with Norden metric and M be an m- dimensional submanifold of 
M. The submanifold (M,g) is generic iff (M,g) is a coisotropic Radical 
transversal lightlike submanifold. 

Also we state 

Theorem 3.3. Let (M, J,g,g) be a 2n- dimensional almost complex man- 
ifold with Norden metric and M be an m- dimensional submanifold of M . 
Then 

(1) The submanifold (M,g) (1 < m < n) is totally real iff (M,g) is an 
isotropic submanifold such that J(TM) — ltr(TM). 

(2) The submanifold (M,g) is Lagrangian iff (M,g) is a totally lightlike 
submanifold such that J(TM) — ltr(TM). 

Proof. An m-dimensional (1 < m < n) submanifold (M, g) of M is totally 
real if it is a CR-submanifold with a holomorphic distribution D = {0}, 
i.e. TM = D 1 .Asl<m<n, JTM C TM^. On the other hand, for an 
isotropic submanifold S(TM) — {0}. By replacing D and S(TM) by zero 
in the proof of Theorem 3.2, we establish the truth of assertion (1). Hence, 
we have the following direct decompositions of the tangent bundle TM of 
M 

TM = T M ±~JT M Jl(JT M)^ , TM = (TM®ltr(TM))lS'(TM I ), (30) 

where JTM = ltr(TM) and (JTM) 1 - = S{TM T ). 

A Lagrangian submanifold is a particular case of a CR-submanifold, 
too. Now, D = {0} and = JTM = TM ± . Hence, (JTM) 1 - = {0}. 

So, following the proof of Theorem 3.2 and taking into account that for 
a totally lightlike submanifold S(TM) = S(TM^) = {0}, we verify that 
assertion (2) is true. □ 
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Remark 3.1. From (4) we have g{X,Y) = —g(JX,Y). Therefore we can 
interchange the metrics g (resp. g) and g (resp. g) in Theorem 3.2, Corollary 
3.1 and Theorem 3.3. 

4. Relations between the induced geometric objects on a 
totally real and an isotropic submanifold of almost 
complex manifold with Norden metric 

Further, our purpose is to establish relations between the induced geometric 
objects on the submanifolds introduced in the previous section. As a first 
step in this direction, we start with the study of the submanifolds from 
assertion (1) of Theorem 3.3. In this section we consider an m-dimensional 
(1 < m < n) totally real submanifold (M,g) of a 2n-dimensional almost 
complex manifold with Norden metric (M, J ,~g,g). Then from Theorem 3.3 
it follows that (M, g) is an isotropic submanifold of M such that J(TM) = 
ltr(TM). From now on, we will denote: X, Y, ~Z, U £ T(TM); X, Y,Z,U £ 
T(TM); V,V £ T(TM^) = r(tr(TM)); N,N' £ T(JTM) = r(ltr(TM)) 
and W, W £ r((JTM) ± ) = r(S'(TM ± )). 

Let V be the Levi-Civita connection of the metric g on M. According 
to 1 , the formulas of Gauss and Weingarten for an r- light like submanifold 
(M, g) of M are 



where: {\7 X Y,A V X} and {h(X, Y), V^-F} belong to T(TM) and 



tr(TM), respectively. Moreover, V is torsion- free linear connection, h is a 
r(tr(TM))-valucd symmetric J r (M)-bilinear form on Y(TM) and A is a 
r(TM)-valucd J"(M)-bilincar form on T(tr(TM)) x T(TM). In general, V 
and V* arc not metric connections. In 1 the following objects are introduced 



where L and S are the projection morphisms of tr(TM) on ltr(TM) and 
SfTM 1 ), respectively. Then the formulas (31) become 



V X F = \7 x Y + h(X,Y) 
\7 X V - -A V X + \7 X V, 



(31) 



r(tr(TM)), respectively; V and V 



are linear connections on (M,g) and 



h l (X,Y) = L(h(X,Y)); h s {X,Y) - S(h(X, Y)); 
D l x V = L(V X V); D X V = S(V X V), 



Y_xY = ^xY + h l (X, Y) + h s (X, Y), 
V X V = -A V X + D l x V + D S X V. 
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Besides D l and D s do not define linear connections on tr(TM) but they are 
Otsuki connections on tr(TM) with respect to L and S, respectively. We 
note that for an r-lightlike submanifold D l is a metric Otsuki connection 
on tr(TM). Now, the formulas of Gauss and Weingarten for an isotropic 
submanifold (M, g) of M are 

VxY = V X Y + h s {X,Y), 

V_ X N = -A N X + V l x N + V s (X,N), (32) 
V X W = -A W X + V l (X,W) + V S X W, 

where: V is a metric linear connection on (M, g); V* and V s , defined by 
V l x N = D l x N and V S X W = D X W, are metric linear connections on 
ltr(TM) and S(TM^), respectively; V 1 and V s , defined by V l (X,W) = 
D l x W and V s (X, N) = D S X N , arc J"(M)-bilinear mappings. By using (32) 

and taking into account that V is a metric connection we obtain 

l(h°(X,Y),W)_+](Y,V l (X,W)) = 0; ~g(D s (X , N) ,W) =g(N,A w X); 
g(A N X,N')+g(A N ,X,N)=0. 

Further, we will find the formulas of Gauss and Weingarten for (M,g). 
Denoting by V and V the Levi-Civita connections of g and g on M and 
(M, g) respectively, we have 

VxY = V x Y + h(X,Y), 

V X V = -A V X + D X V, 1 ' 

where: h is the second fundamental form of (M, g); Ay is the shape operator 
of (M,g) with respect to V; D is the normal connection on TM 1 - which is 
a metric linear connection. Taking into account the first equality of (30), 
the formulas (33) become 

V x Y = V x Y + h\X,Y) + h 2 (X,Y), 

V X V = -A V X + D X V + D 2 X V, ( ' 

where we denote 

h 1 (X,Y) = P 1 (h(X,Y)); h 2 (X,Y)=P 2 (h(X,Y)); 
D X V = P^DxV); D\V = P 2 {D X V) 

and Pi, P 2 arc the projection morphisms of TM 1 - on JTM, (JTM)^, 
respectively. By direct calculations we check that D 1 and D 2 do not define 
linear connections on TM 1 but both are Otsuki connections with respect 
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to the vector bundle morphism Pi and P2, respectively. So, the formulas 
(34) can be written as follows 

V_xY = V X Y + h\X, Y) + h 2 (X, Y), 

VxN = -A N X + W 1 X N + V 2 (X,N), (35) 

V X W = -A W X + T> 1 (X, W) + \7 2 X W 7 

where: V 1 and V 2 , defined by V X N = D X N and V 2 X W = D 2 X W, are 
metric linear connections on JTM and (JTM)- 1 , respectively; V 1 and V 2 , 
defined by V 1 (X,W) = D X W and V 2 (X,N) = D 2 X N, are ^(M)-bilinear 
mappings. As V is a metric connection, from (35) we obtain 

g(h 1 (X,Y),N)=g(A N X,Y), (36) 
g(h 2 (X,Y),W)=g(A w X,Y), (37) 

g(V 2 (X,N),W) = -g(V 1 (X,W),N). (38) 

Theorem 4.1. Let (M,g) be a totally real submanifold of (M,J,g,g). 
Then the following assertions are equivalent: 

(i) D 1 is a metric Otsuki connection on TM 1 - . 

(ii) V 1 (X, W) = 0, for any X G T(TM), W G T((JTM) ± ). 
(Hi) V 2 (X,N) = 0, for any X G T(TM), N G T{JTM). 
(iv) D 2 is a metric Otsuki connection on TM- 1 . 

Proof. Using that V 1 and V 2 are metric linear connections on JTM and 
(JTM) 1 - respectively and (38) we have 

(D x g)(N,N f ) = (D 2 x g)(N,N>) = 0, {D x g){W,W) = (D 2 x g)(W,W) - 0, 
(D x g){W, N) = -g(V l (X, W),N) = g(V 2 (X, N), W) = -(D x g)(W, N), 

In this way we see that assertions (i), (ii), (Hi) and (iv) are equivalent. □ 
According to (30), we can write (5) in the following manner 

V X F = V X F+$'(A,F) + $ 1 (A,F) + $ 2 (A,F), (39) 

where we denote by $'(A,F), $ 1 (I,F) and $ 2 (A,F) the part of $(A,F) 
which belongs to T(TM), T(JTM) = r(ltr(TM)) and r((JTM) ± ) = 
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T(S(TM J -)), respectively. By using (32) and (35) from (39) we get 

V x Y + h s (X,Y) = V X Y + h 1 (X,Y) + h 2 (X,Y) 

+&(X, Y) + &(X, Y) + $ 2 (X, Y); 
-A N X + V^iV + V S (X, N) = -A N X + V X N + V 2 (X, N) 

+&(X, N) + ^(X, N) + <$> 2 {X, N); 
-A W X + V l (X, W) + V S X W = -A W X + V 1 {X, W) + W 2 X W 

+<P'(X,W) + <P 1 (X,W) + <f> 2 (X,W). 

Comparing the parts belonging to T(TM), T(JTM) = T(ltr(TM)) and 
T((JTM) ± ) = T(S(TM J -)) of both sides of the above equations, we obtain 
the following relations 

VxY = V X Y + $'pf, Y), h s (X, Y) = h 2 {X, Y) + $ 2 (X, Y), 

h}{X, Y) = -&(X, Y), A N X = A N X - &(X, N), 

\7 l x N = V X N + $ 1 (X,N), V S (X,N) = V 2 (X : N) + <S> 2 (X, N), (40) 

A W X = A W X - &(X, W), V l (X, W) = V X (X, W) + &(X, W), 

V S X W = \7 2 X W + <P 2 (X, W). 

In 3 the eight classes of almost complex manifolds with Norden metric are 
characterized by conditions for the tensor F. In 4 the following relations 
between the tensor F and $ are obtained 

$(X,Y,Z) = 1 (F(JZ,X,Y) - F(X,Y,JZ) - F(Y,JZ,X)), (41) 

F(X,Y,Z) = ^(X,Y,JZ) + $(X,Z,JY), (42) 

where $(X,Y,Z) = g($(X ,Y),Z). Also in 4 , by using (41) and (42), 
every basic class of almost complex manifolds with Norden metric is char- 
acterized by conditions for the tensor $. Taking into account both types 
of characterization conditions, we can specify the equations (40) when the 
ambient manifold M belongs to any basic class. Further, in this section we 
consider only the case when M is a Kaehler manifold with Norden met- 
ric. Then the characterization condition of M is F(X,Y, Z) = which is 
equivalent to (VyJ)Y = 0. 

Lemma 4.1. Let M be a Kaehler manifold with Norden metric and (M,g) 
be a totally real submanifold of M . Then 

h\X,Y)=0, A 7Y X = 0, (43) 



V X JY = J{V X Y), 



(44) 
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V 2 (X,JY) = J(h 2 (X,Y)), (45) 

A W X = J(V 1 (X,JW)), (46) 

V 2 X JW = J(V 2 X W). (47) 

Proof. From V^-JY = JV^Y and (35) we obtain the relations (44) -j- 
(47) and h}(X, Y) = JA lY X. On the other hand, replacing N by JY in 
(36) we have h\X, Y) = -JA lY X. Hence, (43) is fulfilled. □ 

The characterization condition F = for a Kaehler manifold with Nordcn 
M and (41) imply that $ = for M. Then the formulas (5) and (40) 
become 

V X Y = V X Y (48) 

and 

V X Y = V X Y, h s (X,Y) = h 2 (X,Y), h 1 (X,Y) = 0, 

A N X = A N X, V l x N = V x N, V S (X,N) = V 2 (X,N), (49) 

A W X = A W X, V l (X,W)=V 1 (X,W), W S X W = V 2 X W. 

From (49) it is clear that the relations (43) 4- (47) are valid if we replace 
V,h 1 ,h 2 ,A N ,A w ,V 1 ,V 2 ,V 1 ,V 2 by V, h l , h s , A N , A w , V', V s , V 1 , V s , re- 
spectively. 

Theorem 4.2. Let M be a Kaehler manifold with Norden metric and 
(M,g) be a totally real submanifold of M. Then the following assertions 
are equivalent: 

(i) (M,g) is totally geodesic, 
(ii) h 2 vanishes identically on (M,g). 
(Hi) Aw vanishes identically on (M,g). 

(iv) V 1 (X,W) = 0, forVX G r(TAf),VVF e r((JTM) ± ). 

(v) V 2 (X,N) = 0, forVX e r(TM),V7V e T(JTM). 

Proof. The equality (43) implies h(X,Y) = h 2 (X,Y) and consequently 
(i) (ii). The equivalence of (ii) and (Hi) follows from (37). Because of 
(45) and (46) we have (ii) <^=> (v) and (Hi) <^=> (iv), respectively. □ 

Theorem 4.3. Let M be a Kaehler manifold with Norden metric. Then 
the following assertions are equivalent: 



(i) (M,g) is totally geodesic. 
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(ii) (M,g) is totally geodesic. 
(Hi) D 1 is a metric Otsuki connection on TM . 
(iv) D 2 is a metric Otsuki connection on TM- 1 . 
(v) V* is a metric linear connection on tr(TM). 
(vi) D s is a metric Otsuki connection on tr(TM). 

Proof. According to Theorem 4.1 and Theorem 4.2, each from the as- 
sertions (i), (Hi), (iv) is equivalent to the condition T> 2 (X,N) — 0. In 1 
(page 159 and 167) it is proved that assertions (v), (vi) and (ii) are equiv- 
alent to V S (X,N) = and h s (X,Y) = 0, respectively. From (48) we have 
V 2 (X,N) = V S (X,N) = and h 2 (X,Y) = h s (X,Y) = 0. Finally, accord- 
ing to Theorem 4.2 the conditions V 2 (X,N) = and h 2 (X,Y) = are 
equivalent which completes the proof. □ 

Structure equations of the submanifolds (M, g) and (M,g). 

Denote by R,R and R 1 ^ the curvature tensors of type (1,3) of V, V 
and D, respectively. We define the curvature tensors (R ± ) 1 and (R ± ) 2 of 
V 1 and V 2 by (R ± ) 1 (X, Y, N) = V X V Y N - V Y V X N - V^JV and 
(R ± ) 2 (X, Y, W) = V^V 2 ^ - V^V^VF - V\ X Y] W. Then by straightfor- 
ward calculations using (35) and Lemma 4.1 we obtain 

R(X,Y,Z) = R(X,Y, Z) - A(h 2 (Y, Z), X) + A(h 2 (X, Z),Y) 

+j(A(Jh 2 (Y,Z),X)-A(Jh 2 (X,Z),Y)) (50) 
+(V x h 2 )(Y,Z)-(V Y h 2 )(X,Z), 

R(X, Y, W) = (R^) 2 (X, Y, W) - h 2 (X, A W Y) + h 2 (Y, A W X) 

+l(h 2 (X,A 7w Y) - h 2 (Y,A lw X)) - (V X A)(W,Y) (51) 
+ (V Y A)(W,X) + J((V X A)(JW,Y) - (V Y A)(JW,X)) , 

where 

(Vxh 2 )(Y, Z) = V 2 x h 2 (Y, Z) - h 2 (V x Y, Z) - h 2 (Y, V X Z), 
(V X A)(W, Y) = V X A(W, Y)-A (V 2 X W, Y) - A (W, V X Y) . 

For convenience we denote AyX by A(V, X) where it is necessary. The 
equality V-^JY = JV-^Y implies 

R(X, Y, 7Z) = 7R(X, Y,Z). (52) 

Hence, from (50) we have 

R(X,Y,JZ) = JR(X,Y, Z) - J (A(h 2 (Y, Z),X) - A(h 2 (X, Z),Y)) 

-A(Jh 2 (Y, Z),X) + A(Jh 2 (X, Z), Y) (53) 
+7 ((V X h 2 )(Y, Z) - (V Y h 2 )(X, Z)) . 



January 18, 2012 1:36 



WSPC - Proceedings Trim Size: 9in x 6in GN 



19 

Now, using D X N = D X N + D 2 X N = V X N + V 2 (X, N), D X W = D X W + 
D X W = V 1 {X, W) + V\W and Lemma 4.1 we compute 

R L {X, Y,JZ) = D X D Y JZ - D Y D X JZ - D [x , Y] lZ 

= JR(X, Y,Z) + J ((V x h 2 )(Y, Z) - (Vyh 2 )(X, Z)) (54) 
-J {A{h 2 {Y, Z),X)- A(h 2 (X, Z),Y)) , 

R ± (X, Y, W) = D X D Y W - D Y D X W - D [XtY] W 

= (R^) 2 {X 1 Y 1 W) + J ((V X A)(JW, Y) - (V Y A)(JW, X)) (55) 
-J (h 2 (Y,A(JW,X)) - h 2 (X,A(JW,Y))) . 

From (48) and (49) it follows R = R,R = R, (R^) 1 = R l , (R- 1 ) 2 = 
R s . Thus the equalities (50), (51), (52), (53) are valid if we re- 
place R,R, (R ± ) 2 ,Aw,h 2 by R,R,R s ,Aw,h s , respectively. We note that 
R{X, Y, Z), R(X, Y,JZ),R(X, Y, W) can be obtained from 1 (page 175) by 
using (49) and Lemma 4.1. Taking into account (44) and (47) we have 

JR(X,Y,Z) = {R ± ) 1 {X,Y,JZ) = R l (X,Y,JZ) = JR(X,Y,Z) (56) 

and 

liR^fiX.Y.W) = {R^fiX.Y.lW) = R S (X,Y,JW) = JR S (X,Y,W). 

It is known that the Levi-Civita connection V (resp. V) is said to be flat 
if R = (resp. R = 0). Also, if R- 1 = then the normal connection D 
is said to be flat. Analogously, we say that V^V^V'jV 5 are flat if the 
corresponding curvature tensors (R (R ± ) 2 , R l , R 8 are equal to zero. As 
a corollary of (56) we state 

Proposition 4.1. For the submanifolds (M,g) and (M,g) of a Kaehler 
manifold with Norden metric M the following assertions are equivalent: 
1)V is flat; 2)V is flat; 3)V J is flat; 4)V Z is flat. 

From (50) we obtain the equation of Gauss and Codazzi 

R(X, Y, Z, U) = R(X, Y, Z, U)-g {A(h 2 (Y, Z), X), U)+g {A(h 2 (X, Z), Y), U) 

and 

(R(X, Y, Z)) 1 - =jV x ff)(Y, Z) - (V Y h 2 )(X, Z) 

+J (A(Jh 2 (Y, Z),X) - A(Jh 2 (X, Z),Y)) . 

The equality (52) and the fact that J is an anti-isometry with respect to ~g 
imply R(X,Y,~Z,U) = g (R(X ,Y ,~Z) ,U) is a Kaehler tensor, i.e. 

R(X,Y,7Z,JU) = -R(X,Y,Z,U). (57) 
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Using (57), (54), (55) and (37) for the equation of Ricci we get 
g (R(X, Y,JZ), JU) = -R(X, Y, Z, U) , 

g (R(X, Y,JZ), W)=g ((V x h 2 )(Y, Z) - (V Y h 2 )(X, Z),JW) , 

g (r(X^Y, W), W')= g ((R^^X, Y, W), W) - g (A(JW\ Y), A(JW, X)) 

+g (A(JW, X), A{JW, Y)) + g (A W X, A W ,Y) - g (A W ,X, A W Y) . 

For the curvature tensor R of type (0, 4) we have 

R(X, Y, Z, V) = g(R(X, Y, Z),U) = R(X, Y, Z,JU). (58) 

By direct calculations we check that R is a Kaehler tensor, too. The struc- 
ture equations of R we obtain using (37), (49), (58) and equations of Gauss, 
Codazzi and Ricci 

R(X, Y, Z,N)=7j (r(X, Y,Z),N)-7j (l(h s (Y, Z),X), n) 

+^(A{h s (X,Z),Y),N) , 
R(X,Y,N',N) =7j(A(Jh°(Y, JN),X),N') -lj(A(Jh s {X, JN),Y),N') , 
R(X, Y, W,N)=7j ((VyI)(W, X), AT) - f (iV x A)(W, Y), n) , 
I(X, Y, Z, U) = ^(h s (Y, U),h'(X, Z)) - lj(h s (X, U),h s (Y, Z)) , 
R(X, Y, W,U)=1j ((Vy/i s )(X, U), w)-g ((V x h s )(Y, U), w) , 
R(X, Y, W>, W) ^{R S (X, Y, W), W)-g (A W Y, JA 1w ,x) 

w'X, J A JW 
l(R{X,Y,Z),N) +?j(R\X,Y,N),Z) =0. 

5. Examples 

According to the obtained results in Section 3, each from the constructed 
examples below is an example for a submanifold of an almost complex 
manifold with Norden metric which is non-degenerate with respect to the 
one Norden metric and lightlike with respect to the other. 

Example 5.1. We consider the Lie group GL(2;R) with a Lie algebra 
gl(2; R). The real Lie algebra gl(2; R) is spanned by the left invariant vector 
fields {Xi,X 2 ,X S} X4} where we set 



Xl (o o) ' X2 (o o) ' Xs - (i o) ' Xi (o l) 
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We define an almost complex structure J and a left invariant metric g on 
gl(2;R) by 



and 



JX 1 = X 4 , JX 2 =X 3 , JX 3 = -X 2 , JX i = -X 1 (59) 

g(X i ,X i ) = -g(X j ,X j ) = -l; i = 1,3; j = 2,4; 
g(X i ,X j ) = 0; i^j; i,j = 1,2,3,4. 1 J 

Using (59) and (60) we check that the metric ~g is a Norden metric and 
consequently (GL(2;R), J, 5, <?) is a 4-dimensional almost complex mani- 
fold with Norden metric. The real special linear group SL(2;M.) = {A £ 
GL(2;R) : det(A) = 1} is a Lie subgroup of GL(2;M) with a Lie alge- 
bra sZ(2;R) of all (2 x 2) real traccless matrices. Thus SX(2;R) is a 3- 
dimensional submanifold of GL(2; R) and sl(2; R) is a subalgebra of gl{2: W.) 
spanned by {Xi — X4, X2,X3}. We find that the normal space s?(2;R)- L 
is spanned by {Xi,X 4 }. Hence sZ(2;R) n s/(2;M)- L = {X 1 - X 4 }, i.e. 
(5L(2;R),5) is an 1-dimcnsional lightlike submanifold with RadsZ(2;M) = 

span j$ = Xl ^_ X4 j. As dimRadsZ(2; R) = codimSX(2; R) = 1 it follows 

that (SX(2; R), g) is a coisotropic submanifold of GL(2;R). The screen 
distribution 5(sZ(2; R)) is spanned by {X 2 ,X3 = JX 2 } which means 
that S(sl(2;M)) is holomorphic with respect to J. Choose sZ(2;R) = 

£, -j= J wc have ltr(sZ(2;R)) = span I —j= |. Using 

(59) we check that JRadsZ(2;M) = J£ = ltr(sZ(2; R)). Thus (SL(2;R),g) 
is a coisotropic Radical transversal lightlike submanifold of GL(2;R) and 
from Corollary 3.1 it follows that (SL(2;R),g) is a generic submanifold. 

Now, we consider the Lie group GL{2; C) with its real 8-dimensional Lie 
algebra gl(2; C). Wc define a complex structure J on gl(2; C) by JX = iX 
for any left invariant vector field X <E gl(2; C). Hence we have [JX, Y] = 
J[X, Y], i.e. J is a bi-invariant complex structure. The Lie algebra gl(2; C) 
is spanned by the left invariant vector fields {X\, X 2 , . . . , X$} where we set 

x 1 -( 1 '),x,-('l),x t .(°'),x 1 . fao 



ooj V 00 / V 10 / V 01 

X 2 = JX\, X4 = JX3, X§ = JX5, X$ = JXj. 
We define a left invariant metric g on gl (2; C) by 

g(X i ,X i ) = -g(X j ,X j ) = l; * = 2,3,5,8; j = 1,4,6,7; 
g(X i ,X j )=0; ijtj; *,j = l,2,...,8. 



(61) 
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It is easy to check that the so defined metric g is a Norden metric on gl(2; C). 
Thus (GL(2; C), J,g,g) is an 8-dimensional almost complex manifold with 
Norden metric. Since the metric ~g is left invariant, for the Levi-Civita con- 
nection V of g we have 

2g( V X F, Z) = g( [X, Y],Z) + g( [Z, X] , F) + g( [Z, Y],X) (62) 

for any X,Y, Z e gl(2;C). Using (62) and J is bi-invariant we get 
F(X,Y, Z) — 0. Consequently (GL(2;C), J,g 7 g) is a Kaehler manifold 
with Norden metric. 

Example 5.2. The unitary group U{2) = |ie GL(2;C) : A^ 1 = 3 T | is 
a Lie group which is a Lie subgroup of GL(2;C). Hence U{2) is a sub- 
manifold of GL(2; C). The real Lie algebra u(2) which consists of all (2 x 2) 
skew Hermitian matrices, i.e. u{2) = { A e gl(2; C) : A + A T = 0} is the Lie 
algebra of U(2) and it is a 4-dimensional subalgebra of gl(2;C). We have 
u{2) = span {Fi = X 2 , F 2 = X 3 - X 6 , F 3 = X i + X_e, F 4 = X s }. Denote 
by g and g the induced metrics on u{2) of g and g, respectively. Using 
(61) we calculate g(Fi,Fi) = 5(^4,^4) = 1; 5(^2,^2) = -g(F 3 ,F 3 ) = 2; 
g(Fi,Fj) = 0, i 7^ j, i,j = 1,2,3,4. Therefore (U(2),g) is a 4-dimensional 
non-degenerate submanifold of GL(2;C). Moreover g is a Lorentz metric. 
We find that the normal space u(2) ± is spanned by { JFi, JF 2 , JF 3 , JF4} 
which means that (U(2),g) is a Lagrangian submanifold of GL(2; C). From 
Theorem 3.3 it follows that (U(2),g) is a totally lightlike submanifold of 
GL{2-£) such that J(Radu(2)) = lu{2) = ltr(u(2)). 

Example 5.3. The special unitary group SU{2) = U{2) f| SL(2; C) = 
{A e GL(2;C) : A^ 1 = A , det(A) = 1} is a Lie group which is a Lie 
subgroup of GL(2; C). Hence SU{2) is a submanifold of GL(2; C). The real 
Lie algebra su(2) which consists of all (2 x 2) traceless skew Hermitian ma- 
trices, i.e. su(2) = {Ae gl(2; C) : A + A T = 0, tr.4 = 0} is the Lie algebra 
of SU(2) and it is a 3-dimensional subalgebra of gl(2;C). We have su(2) = 
span{^i = X 2 — Xs, £2 = X 3 — X5, £3 = X4 + Xq}. Using (61) we calcu- 
late <?(6,6) =5(6,6) - -.9(6,6) - 2, = 0, i^j, i,j = 1,2,3. 

Therefore {SU{2) 1 g) is a 3-dimensional non-degenerate submanifold of 
GL(2;C). Moreover g is a Lorentz metric. We find that the normal space 
su(2) J - is spanned by {j£ 2 , J&, X r , X 2 + X 8 }. As J£i = -Xi + X 7 
belongs to su(2)^ it follows that Jsu{2) C su(2)- L . Hence (SU(2),g) is 
a totally real submanifold of GL(2;C). The left invariant vector fields 
£4 = Xi + X-j and J^4 = X 2 + belong to su(2)- L . By direct calculations 
we check that g(J£,i,JS,j) — g(</66) = 0, i 7^ j, i,j = 1,2,3,4. Thus 
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{J£i, J^3,^4, ^4} is an orthogonal basis of su(2) with respect to g. 
It is clear that the complementary orthogonal vector subspace (Jsu(2)) ± 
of Jsu{2) in su(2) ± is spanned by {£4, J^} and consequently it is holo- 
morphic. Now, from Theorem 3.3 it follows that (SU(2),g) is an isotropic 
submanifold of GL{2; C) such that J(Radsw(2)) = lsu(2) = ltr(su(2)) and 
S(su(2) 1 ) = (Jsu(2))- L . 
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